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Abstract
Contrary to a recent claim by Anderson [The Mathematical Theory of Cosmic Strings, I.O.P.Publishing, Bristol
2003], we show that the Letelier-Gal’tsov metric does represent a system of crossed straight infinite cosmic strings
moving with arbitrary constant relative velocities.
In a recent book on “the mathematical theory of cosmic strings” [1], Anderson devotes a section to “the proper
status of the Letelier-Gal’tsov ‘crossed-string’ metric”. This metric describes in a single coordinate patch the Gott [2]
geometry that consists in the gluing of two separate spacetimes, each one representing a tilted moving string. After
describing the construction of [3], Anderson argues that “the Letelier-Gal’tsov metric seems capable of describing an
arbitrary number of open strings with essentially arbitrary shapes and in arbitrary states of relative motion”, which
according to him “suggests something that was perhaps evident from the start, namely that [this metric] is just the
static parallel string metric written in an obscure coordinate system”. He then proceeds to substantiate this claim by
showing that the geodesic distance between two strings is actually constant. However, as we shall show here, his proof
fails due to the omission of an integration constant in the approximate evaluation of a certain integral near a given
string. Correcting some misprints contained in the original paper [3], we shall also show that the Letelier-Gal’tsov
metric indeed represents a system of crossed straight cosmic strings moving with arbitrary but constant relative ve-
locities.
The Letelier-Gal’tsov “multiple moving crossed cosmic strings spacetime” is obtained from the Minkowski spacetime
ds2 = dt2 − dz2 − dZdZ (1)
by the singular coordinate transformation defined by the line integral
Z(ζ) = X + iY =
∫ ζ
ζ0
N∏
i=1
(ξ − αi(t, z))
−4λidξ (2)
(ζ = x+ iy) with ζ0 fixed. This line element can be rewritten as
ds2 = dt2 − dz2 − e−4V (dζ + Fdt+Gdz)(dζ + Fdt+Gdz) (3)
with
V =
N∑
i=1
λi ln |ζ − αi|
2 , (4)
F =
N∏
i=1
(ζ − αi)
4λi
∫ ζ
ζ0
dξ∏N
k=1(ξ − αk)
4λk
N∑
j=1
4λjα˙j
ξ − αj
, (5)
G =
N∏
i=1
(ζ − αi)
4λi
∫ ζ
ζ0
dξ∏N
k=1(ξ − αk)
4λk
N∑
j=1
4λjα
′
j
ξ − αj
. (6)
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Consider for definiteness two moving strings of equal tension located at α± = ±α(t, z). Then,
Z(ζ) =
∫ ζ
ζ0
(ξ2 − α2)−4λdξ, (7)
and
F (ζ) = 8λαα˙(ζ2 − α2)4λI(ζ) , G(ζ) = 8λαα′(ζ2 − α2)4λI(ζ) , (8)
with
I(ζ) =
∫ ζ
ζ0
(ξ2 − α2)−4λ−1dξ. (9)
Near ζ = +α, the derivative of I behaves as
∂I
∂ζ
= (2α)−4λ−1(ζ − α)−4λ−1 − (1 + 4λ)(2α)−4λ−2(ζ − α)−4λ + · · · , (10)
which integrates to
I = Cλ(α, ζ0)−
1
4λ
(2α)−4λ−1(ζ − α)−4λ −
1 + 4λ
1− 4λ
(2α)−4λ−2(ζ − α)1−4λ + · · · (11)
There is no reason for the integration constant Cλ(α, ζ0), which measures the “finite part” of I(ζ), to vanish. It follows
that
F (ζ) = −α˙+ 4λCλ(α, ζ0)(2α)
1+4λα˙(ζ − α)4λ −
4λ
1− 4λ
α˙
α
(ζ − α) + · · · , (12)
and a similar expansion for G(ζ). For λ < 1/4, the second term of (12) dominates the third (the corresponding term
is absent from the first Eq. (14) of [3]).
At fixed z and t, the geodesic distance between the two strings is |Z(α) − Z(−α)|. From the above, Z(α) varies
according to
dZ = (ζ2 − α2)−4λ(dζ + F dt+Gdz)|ζ=α ≃ 8λCλ(α, ζ0)α(α˙ dt+ α
′ dz) , (13)
showing that the strings are indeed tilted and moving. Note that Anderson, following exactly the same line of reason-
ing, obtained dZ ≃ O(ζ − α)1−4λ(α˙ dt+ α′ dz)→ 0, because in his evaluation of F (ζ) near the string he omitted the
integration constant Cλ and thus included only the first and third terms of (12).
One can directly evaluate Z(α) by computing dZ(qα)/dα) (q constant, 0 < q < 1) and taking the limit q → 1.
Choosing for convenience ζ0 = 0 (“center-of-mass”),
Zq(α) ≡ Z(qα) =
∫ qα
0
(ξ2 − α2)−4λdξ. (14)
The derivative is
dZq
dα
= q(q2α2 − α2)−4λ + 8λα
∫ qα
0
(ξ2 − α2)−4λ−1dξ. (15)
Also, computing (14) by integrating by parts, one obtains
(1− 8λ)Zq = qα(q
2α2 − α2)−4λ + 8λα2
∫ qα
0
(ξ2 − α2)−4λ−1dξ = α
dZq
dα
. (16)
This differential equation is integrated by
Zq(α) = Kλ(q)α
1−8λ, (17)
with Kλ(q) an integration constant. This makes sense for q = 1 (direct computation gives K0(1) = 1, K1/8(1) =
−ipi/2), and thus gives the relative motion of the cosmic strings for all α(t, z). Comparing with (13), one obtains the
relation between the integration constants Cλ and Kλ
Cλ(α, 0) =
1− 8λ
8λ
Kλ(1)α
−1−8λ. (18)
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This dependence of Cλ(α, 0) on α can also be directly obtained from the definition (9) of I by a scaling argument.
Also, the relative string motion is, contrary to appearance, not arbitrary. In the special case of parallel strings, the
system can be trivially reduced (by omitting the dz2 in (3)) to a (2+1)-dimensional system of conical singularities. As
conical singularities correspond to point particles, one must require for consistency [4] that these follow geodesics of
the spacetime (this approach was used succesfully in [5, 6] to study the dynamics of systems of black holes and conical
singularities). More generally, it has been shown that the world-sheets of self-gravitating cosmic strings are totally
geodesic submanifolds [7, 8]. In the present case, the spacetime is flat outside the cosmic strings, and the solution of
the geodesic equations for the Zi ≡ Z(ζ = αi) is straightforwardly given in terms of initial data Z0i, vi and wi by
Zi(t, z) = Z0i + vit+ wiz. (19)
In the case of our example of two strings in the center-of-mass frame, comparison of (17) and (19) leads to the solution
α(t, z) = (βt+ γz + δ)1/(1−8λ), (20)
with β, γ and δ (initial “velocities”, “inclinations” and “positions”) complex integration constants (proportional to v,
w, and Z0).
The relative motion of two cosmic strings has been reduced, via (1), (7) and (20), to the (1+1)-dimensional free
motion of a point particle. The world-line of this particle may always be Lorentz-transformed to the time axis in the
case of a subluminal velocity (v2 < w2), or to the z-axis in the case of a superluminal velocity (v2 > w2). Corre-
spondingly, it follows that the two-cosmic string system may be Lorentz-transformed to a static system of two crossed
strings in the first case, or to a system of two moving parallel strings in the second case, in accordance with the results
of [9].
Thus the metric (3) indeed describes a system of infinite straight strings arbitrarily oriented and moving with
respect to each other. The strings are gravitationally interacting, so one could expect gravitational radiation to occur.
But this space-time does not contain gravitational waves and does not exhibit radiative features. In the case of parallel
strings, this can be easily understood as a consequence of the absence of gravitons in 2 + 1 gravity. For two crossed
strings undergoing a superluminal (subluminal) collision this follows from the possibility of finding a Lorentz frame in
which the strings are moving parallel (static). In the limiting case of a “luminal” collision the absence of gravitational
radiation follows from the existence of the above exact solution.
It is worth noting that this simplicity is lost once other string interactions are taken into account. Two crossed
strings moving with a superluminal relative velocity do radiate a massless second rank antisymmetric tensor field (string
axion) if the strings are charged with respect to this field. This effect was recently considered using perturbation theory
[10]. Therefore a system of strings interacting with a two-form field can hardly be described by a simple solution like
(3).
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